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FERMIONIC REALIZATION OF TWISTED TOROIDAL LIE
ALGEBRAS
NAIHUAN JING1, CHAD R. MANGUM AND KAILASH C. MISRA
Abstract. In this paper,we construct a fermionic realizationof the
twisted toroidal Lie algebra of type A2n−1,Dn+1,A2n and D4 based
on the newly found Moody-Rao-Yokonuma-like presentation.
1. Introduction
Affine Kac-Moody Lie algebras [17] are important algebraic struc-
tures widely used in mathematics and theoretical physics. Their
introduction was partly due to Kac’s study of finite order automor-
phisms of simple Lie algebras, and these automorphisms have also
led to the notion of twisted affine Lie algebras. Several important
generalizations of affine Lie algebras have been proposed, among
them some of the well-known ones are loop algebras of Kac-Moody
Lie algebras [9], extended affine Lie algebras [1], toroidal Lie alge-
bras [21] and their multi-loop generalizations [3, 23]. For some recent
developments see the survey [22].
The untwisted toroidal Lie algebras T(g) are certain distinguished
algebras contained in the universal central extension [3] of the 2-loop
algebras of the simple Lie algebra g [21]. They are proved to be
nontrivial via the vertex and fermionic representations [6, 24, 25] as
well as higher level free field realization [16]. Other types of T(g)-
modules have also been constructed in various works [2, 12, 20, 10].
Fu and Jiang [11] introduced twisted n-toroidal Lie algebras in the
abstract setting and studied their integrable modules. In [5] vertex
representations of general toroidal Lie algebras andVirasoro-toroidal
Lie algebras have been considered. In a recent work [14], we have
given an MRY-like presentation for the twisted toroidal Lie algebra
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associated with a diagram automorphism of the simple Lie algebra
g = A2n−1,Dn+1,D4 and have shown that the MRY-like realization is
indeed the universal central extension of the corresponding twisted
(baby) toroidal Lie algebra.
In this paper, we revisit the MRY-like presentation in [14] and
give the MRY-like presentation for twisted toroidal Lie algebras of
type g = A2n−1,Dn+1,A2n,D4 in a uniform way. Then we use this
presentation to give a fermionic realization of these twisted toroidal
algebras. Explicitly we use certain Clifford algebras to realize the
twisted toroidal Lie algebras of types A2n+1,Dn+1,A2n,D4 twisted by
diagram automorphisms of order 2, 2, 2, 3 respectively. This con-
struction is analogous to the fermionic construction given in the un-
twisted situation [15], which in turnwas an extension of the fermionic
construction of Feingold-Frenkel [7] for affine Lie algebras (see also
[8, 19]). The level one modules have the degree zero central element
c1 = t−1dt act as 0, thus they can be viewed as interesting summation
and lifting of level zero modules for the vertical affine Lie subalgebra
g⊗C C[t, t−1]⊕Cc1. This phenomenon bears some similarity with the
famous path construction of level one Fock modules for the affine
Lie algebra [4], which was an intriguing summation of level zero
modules and has led to further work on crystal bases (cf. [13]).
The paper is organized as follows. In Section 2, we recall the
Fu-Jiang twisted toroidal Lie algebra in a specialized setting. In
Section 3 we give MRY-presentation of twisted toroidal Lie algebras
of types A2n+1,Dn+1,A2n,D4 with detailed analysis of the universal
central extension for the toroidal Lie algebra. The fermionic free-
field constructions of these twisted toroidal Lie algebras are given
and proved in Section 4.
2. Twisted Toroidal Lie Algebras
Let g be the finite dimensional simple Lie algebra A2n−1, (n ≥ 3),
Dn+1, (n ≥ 2), A2n, (n ≥ 2) or D4 over the field of complex numbers
C. We denote the Chevalley generators of g by {e′
i
, f ′
i
, h′
i
| 1 ≤ i ≤ N}
where N = 2n − 1, n + 1, 2n, 4, respectively. Then h′ = span{h′
i
| 1 ≤
i ≤ N} is the Cartan subalgebra of g. Let {α′
i
| 1 ≤ i ≤ N} ⊂ h′∗
denote the simple roots, ∆ be the set of roots for g, and Q be the root
lattice. Note that α′
j
(h′
i
) = a′
i j
where A′ = (a′
i j
)N
i, j=1
is the Cartan matrix
associated with g. Let ( | ) be the nondegenerate symmetric invariant
bilinear form on g defined by (x|y) = tr(xy), 1
2
tr(xy), tr(xy), 1
2
tr(xy) for
all x, y ∈ g. Then (h′
i
|h′
i
) = 2, 1 ≤ i ≤ N. Since the Lie algebra g is
FERMIONIC REALIZATION OF TWISTED TOROIDAL LIE ALGEBRAS 3
simply-laced, we can identify the invariant form on h′ to that on the
dual space h′∗ and normalize the inner product by (α|α) = 2, α ∈ ∆.
Let Γ denote the Dynkin diagram for g and σ be the following
Dynkin diagram automorphism of order r = 2, 2, 2, 3 respectively:
σ(h′i) = h
′
N−i+1, i = 1, · · · ,N, for type A2n−1 or A2n
σ(h′i) = h
′
i , i = 1, · · · , n − 1 = N − 2; σ(h′n) = h′n+1, for type Dn+1
σ(h′1, h
′
2, h
′
3, h
′
4) = (h
′
3, h
′
2, h
′
4, h
′
1) for type D4.
Then the Lie algebra g is decomposed as a Z/rZ-graded Lie alge-
bra:
g = g0 ⊕ · · · ⊕ gr−1,
where gi = {x ∈ g|σ(x) = ωix} and ω = e2π
√
−1/r. It is well-known that
the subalgebra g0 is the simple Lie algebra of types Cn, Bn, Bn and
G2 respectively. Let I = {1, 2, · · · , n} for g = A2n−1,Dn+1,A2n,D4 where
n = 2 for g = D4. The Chevalley generators {ei, fi, hi | i ∈ I} of g0 are
given by:
ei = e
′
i , fi = f
′
i , hi = h
′
i , if σ(i) = i;
ei =
r−1∑
j=0
e′
σ j(i)
, fi =
r−1∑
j=0
f ′
σ j(i)
, hi =
r−1∑
j=0
h′
σ j(i)
, if σ(i) , i, except i = n for A2n.
en =
√
2(e′n + e
′
n+1), fn =
√
2( f ′n + f
′
n+1), hn = 2(h
′
n + h
′
n+1) for A2n.
The Cartan subalgebra of g0 is h0 = span{hi | i ∈ I} and the simple
roots {αi | i ∈ I} ⊂ h∗0 are given by:
αi =
1
r
r−1∑
s=0
α′σs(i).
Then we have
(2.1) (αi|α j) = diai j, for all i, j ∈ I
where A = (ai j)i, j∈I is the Cartan matrix for g0 and (d1, · · · , dn) =
(1/2, · · · , 1/2, 1), (1, · · · , 1, 1/2), (1/2, · · · , 1/2, 1/4) or (1/3, 1), for g =
A2n−1,Dn+1,A2n or D4 respectively. Note that A = (ai j)i, j∈I is given as
follows: 
aii = 2,
a12 = −3, a21 = −1, g0 = G2
an−1,n = −2, an,n−1 = −1, g0 = Cn
an−1,n = −1, an,n−1 = −2, g0 = Bn
ai,i+1 = ai+1,i = −1, g0 , G2 and i , n − 1
ai j = 0, otherwise.
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Denote
θ0 =

α′
1
+ · · · + α′2n−2 for A2n−1,
α′
1
+ α′2 + · · · + α′n for Dn+1,
α′
1
+ · · · + α′2n for A2n,
α′
1
+ α′2 + α
′
3 for D4.
Let e′
θ0
, f ′
θ0
, h′
θ0
denote the sl2-triplet associated to θ0 with bracket
[h′
θ0
, e′
θ0
] = 2e′
θ0
, [h′
θ0
, f ′
θ0
] = −2 f ′
θ0
and h′
θ0
= [e′
θ0
, f ′
θ0
].
Let A = C[s, s−1, t, t−1] be the ring of Laurent polynomials in the
commuting variables s, t and L(g) = g⊗CA be the multi-loop algebra
with the Lie bracket given by:
[x ⊗ s jtm, y ⊗ sktl] = [x, y] ⊗ s j+ktm+l,
for all x, y ∈ g, j, k,m, l ∈ Z. For j ∈ Z we define 0 ≤ j¯ < r such
that j ≡ j¯ mod r. For all j ∈ Z we define g j = g j¯. We extend the
automorphism σ of g to an automorphism σ¯ of L(g) by defining:
σ¯(x ⊗ s jtm) = ω−mσ(x) ⊗ s jtm
where x ∈ g, j,m ∈ Z. We denote the σ¯ fixed points of L(g) by L(g, σ).
Note that the subalgebra L(g, σ) has the Z-gradation:
L(g, σ) = ⊕m∈ZL(g, σ)m,
where L(g, σ)m = gm ⊗Am,Am = spanC{s jtm | j ∈ Z} = tmC[s, s−1].
Set F = A ⊗ A. Then F is a two sided A-module via the action
a(b1 ⊗ b2) = ab1 ⊗ b2 = (b1 ⊗ b2)a for all a, b1, b2 ∈ A. Let G be the
A-submodule of F generated by {1 ⊗ ab− a⊗ b− b⊗ a | a, b ∈ A}. The
A- quotient module ΩA = F/G is called the A - module of Ka¨hler
differentials. The canonical quotient map d : A −→ ΩA given by
da = (1 ⊗ a) + G, a ∈ A is the differential map. Let − : ΩA −→
ΩA/dA = K ′ be the canonical linear map. Since d(ab) = 0, we have
a(db) = −(da)b = −b(da) for all a, b ∈ A. Then K ′ = spanC{bda | a, b ∈
A}. Set K = spanC{bda | a ∈ Ak, b ∈ Al, k + l ≡ 0(modr)} which is a
subalgebra ofK ′. Wenote that {s j−1tmds, s jt−1dt, s−1ds | j ∈ Z,m ∈ Z,0}
is a basis for K and the following relations are easy to check.
(2.2) sℓdsk = δk,−ℓks−1ds, sℓt−1d(skt) = δk,−ℓks−1ds + sk+ℓt−1dt.
The elements c0 = s−1ds, c1 = t−1dt ∈ K are called the degree zero
central elements. Let
T(g) = L(g, σ) ⊕K ,
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with the Lie bracket given by
[x ⊗ a, y ⊗ b] = [x, y] ⊗ ab + (x|y)bda, [T(g),K] = 0,
where x ∈ gi, y ∈ g j, a ∈ Ai, b ∈ A j for i, j ∈ Z. Using [3, Proposi-
tion 2.2], it is shown [11, Theorem 2.1] that T(g), with the canonical
projection map η : T(g) → L(g, σ), is the universal central extension
of L(g, σ). T(g) is called the twisted toroidal Lie algebra of type g. A
representation of T(g) is said to be of level (k0, k1) if c0 acts as k0(id)
and c1 acts as k1(id).
3. MRY presentation of T(g)
In [21],Moody, RaoandYokonumagave apresentationofuntwisted
toroidal Lie algebras which is analogous to the Drinfeld realization
[?] for quantum affine algebras. In this section we give an MRY type
presentation for the twisted toroidal Lie algebra T(g).
Denote I˜ = I ∪ {0} and extend the Cartan matrix A = (ai j)i, j∈I to A˜ =
(ai j)i, j∈I˜ by defining a00 = 2, a02 = −1 = a20 for g = A2n−1, a01 = −2, a10 =
−1 for g = Dn+1, a01 = −1, a10 = −2 for g = A2n, a01 = −1 = a10 for g = D4
and a0 j = 0 = a j0 otherwise for all types. Note that A˜ is the Cartan
matrix for the twisted affine algebra gˆ of type A(2)
2n−1,D
(2)
n+1
,A(2)
2n
,D(3)
4
,
respectively. Let {αi|i ∈ I˜}, Qˆ, δ and ∆ˆ denote the simple roots, root
lattice, null root and set of roots, respectively for the twisted affine
algebra gˆ.
Let t(g) be the Lie algebra over C generated by symbols
6 c, αm(k) and X(±αm, k),
with m ∈ I˜ and k ∈ Z, and satisfying the following relations:
• [α0(k), α0(l)] =
{
2rkδk,−ℓ 6 c (A2n−1,Dn+1,D4)
2kδk,−ℓ 6 c (A2n)
• [α0(k), α j(l)] =
{
ra0 jkδk,−ℓ 6 c (A2n−1,A2n,D4)
a0 jkδk,−ℓ 6 c (Dn+1)
where j ∈ I.
• [αi(k), α j(l)] =
{
rai jkδk,−ℓ 6 c (A2n−1,A2n,D4)
ai jkδk,−ℓ 6 c (Dn+1)
where i, j ∈ I with i ≤ j and (i, j) , (n − 1, n), (n, n).
• [αn−1(k), αn(l)] =

an−1,nkδk,−ℓ 6 c (A2n−1,D4)
4an−1,nkδk,−ℓ 6 c (A2n)
2an−1,nkδk,−ℓ 6 c (Dn+1)
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• [αn(k), αn(l)] =

2kδk,−ℓ 6 c (A2n−1,D4)
8kδk,−ℓ 6 c (A2n)
4kδk,−ℓ 6 c (Dn+1)
• [αi(k),X(±α j, l)] = ±ai jX(±α j, k + l)
where i, j ∈ I˜
• [X(±αi, k),X(±αi, l)] = 0
where i ∈ I˜.
• [X(αi, k),X(−α j, l)] =
δi, j
{
αi(k + l) + (r − δi,n(r − 1))kδk,−ℓ 6 c
}
(A2n−1,D4)
δi, j
{
αi(k + l) + (r(1 + δi,n(r − 1)) − δi,0(r − 1))kδk,−ℓ 6 c
}
(A2n)
δi, j
{
αi(k + l) + (1 + (δi,0 + δi,n)(r − 1))kδk,−ℓ 6 c
}
(Dn+1)
where i, j ∈ I˜
• adX(±αi, k2)X(±α j, k1) = 0 for i, j ∈ I˜ with i , j and ai j = 0.
• adX(±αi, k3)adX(±αi, k2)X(±α j, k1) = 0 for i, j ∈ I˜with i , j and
ai j = −1
• adX(±αi, k4)adX(±αi, k3)adX(±αi, k2)X(±α j, k1) = 0 for i, j ∈ I˜
with i , j and ai j = −2
• adX(±αi, k5)adX(±αi, k4)adX(±αi, k3)adX(±αi, k2)X(±α j, k1) = 0
for i, j ∈ I˜ with i , j and ai j = −3
In addition, 6 c is central.
Let z,w, z1, z2, ... be formal variables. Wedefine formal power series
with coefficients from the toroidal Lie algebra t(g):
αi(z) =
∑
n∈Z
αi(n)z
−n−1, X(±αi, z) =
∑
n∈Z
X(±αi, n)z−n−1,
for i = 0, 1, · · · , n. We will use the delta function
δ(z − w) =
∑
n∈Z
wnz−n−1
Using
1
z − w =
∞∑
n=0
z−n−1wn, |z| > |w|, we have the following useful
expansions:
δ(z − w) = ιz,w((z −w)−1) + ιw,z((w − z)−1),
∂wδ(z − w) = ιz,w((z −w)−2) − ιw,z((w − z)−2),
where ιz,w means the expansion in the region |z| > |w|. For simplicity
in the following we will drop ιz,w if it is clear from the context.
The above defining relations of t(g) can be written in terms of
power series as follows.
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(1) [α0(z), α0(w)] =
{
2r∂wδ(z − w) 6 c (A2n−1,Dn+1,D4)
2∂wδ(z − w) 6 c (A2n)
(2) [α0(z), α j(w)] =
{
ra0 j∂wδ(z − w) 6 c (A2n−1,A2n,D4)
a0 j∂wδ(z − w) 6 c (Dn+1)
where j ∈ I.
(3) [αi(z), α j(w)] =
{
rai j∂wδ(z − w) 6 c (A2n−1,A2n,D4)
ai j∂wδ(z −w) 6 c (Dn+1)
where i, j ∈ I with i ≤ j and (i, j) , (n − 1, n), (n, n).
(4) [αn−1(z), αn(w)] =

an−1,n∂wδ(z − w) 6 c (A2n−1,D4)
4an−1,n∂wδ(z − w) 6 c (A2n)
2an−1,n∂wδ(z − w) 6 c (Dn+1)
(5) [αn(z), αn(w)] =

2∂wδ(z −w) 6 c (A2n−1,D4)
8∂wδ(z −w) 6 c (A2n)
4∂wδ(z −w) 6 c (Dn+1)
(6) [αi(z),X(±α j,w)] = ±ai jX(±α j,w)δ(z − w)
where i, j ∈ I˜
(7) [X(±αi, z),X(±αi,w)] = 0
where i ∈ I˜.
(8) [X(αi, z),X(−α j,w)] =
δi, j
{
αi(w)δ(z − w) + (r − δi,n(r − 1))∂wδ(z − w) 6 c
}
(A2n−1,D4)
δi, j
{
αi(w)δ(z − w) + (r(1 + δi,n(r − 1)) − δi,0(r − 1))∂wδ(z − w) 6 c
}
(A2n)
δi, j
{
αi(w)δ(z − w) + (1 + (δi,0 + δi,n)(r − 1))∂wδ(z −w) 6 c
}
(Dn+1)
where i, j ∈ I˜
(9) adX(±αi, z2)X(±α j, z1) = 0 for i, j ∈ I˜ with i , j and ai j = 0.
(10) adX(±αi, z3)adX(±αi, z2)X(±α j, z1) = 0 for i, j ∈ I˜with i , j and
ai j = −1
(11) adX(±αi, z4)adX(±αi, z3)adX(±αi, z2)X(±α j, z1) = 0 for i, j ∈ I˜
with i , j and ai j = −2
(12) adX(±αi, z5)adX(±αi, z4)adX(±αi, z3)adX(±αi, z2)X(±α j, z1) = 0
for i, j ∈ I˜ with i , j and ai j = −3
We define a Z × Qˆ grading of L(g, σ) as follows:
deg(σph′
i
⊗ sk) = (k, 0),
deg(σpe′
i
⊗ sk) = (k, αi),
deg(σp f ′
i
⊗ sk) = (k,−αi),
deg(σp f ′
θ0
⊗ skt) = (k, α0),
deg(σpe′
θ0
⊗ skt−1) = (k,−α0),
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for 0 ≤ p ≤ r − 1, i ∈ I.
Following [21] we define the Z × Qˆ grading of t(g) as follows.
deg 6 c := (0, 0)
deg αi(k) := (k, 0)
deg X(±αi, k) := (k,±αi)
for i ∈ I˜ and k ∈ Z. We define Qˆ± := ±
∑n
i=0Z≥0αi\{0}. Denote by tαk
the subspace of t(g) spanned by elements of degree (k, α). Consider
the following subspaces of t(g):
t±k :=
∑
α∈Qˆ±
tαk , tk :=
∑
α∈Qˆ
tαk ,
tα :=
∑
k∈Z
tαk , t
± :=
∑
k∈Z
t±k .
s±k := span
[X(±αm j , k j), . . . ,X(±αm1 , k1)] | mi ∈ I˜, ki ∈ Z,
j∑
i=1
ki = k
,
where [X(±αm j , k j), . . . ,X(±αm1, k1)] = adX(±αmj ,k j) . . . adX(±αm2 ,k2)X(±αm1 , k1).
s± :=
∑
k∈Z
s±k , s
0
k := span
{
δk,0 6 c, ai(k) | i ∈ I˜, k ∈ Z
}
,
and
s0 :=
∑
k∈Z
s0k , s := s
−
+ s0 + s+.
We observe that X(±αi, k) ∈ s±k for each i ∈ I˜ and s ⊂ t(g). The fol-
lowing result is an analog of Lemma 3.1 in [21] and follows similarly.
Lemma 3.1. We have
(1) t±
k
= s±
k
, t± = s±, and t(g) = s.
(2) tk = t
−
k
+ t0
k
+ t+
k
and t(g) = t− + t0 + t+.
Denote by t0(g) the subalgebra of t(g) generated by αi(0),X(±αi, 0)
for i ∈ I˜. Then t0(g) satisfies the relations for the twisted affine algebra
gˆ = A(2)
2n−1,D
(2)
n+1
,A(2)
2n
, or D(3)
4
and in fact gˆ  t0(g). The following result
is an analog of Proposition 3.2 in [21] which can be proved by similar
argument.
Lemma 3.2.
dim(tαk ) =
{
1 if α ∈ ∆ˆre
0 if α < ∆ˆ
where ∆ˆre is the set of real roots.
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Define the map π¯ : t(g) −→ L(g, σ) as follows:
In types A2n−1,Dn+1,D4,

6 c 7→ 0
α0(k) 7→
∑r−1
p=0 σ
p(−h′
θ0
) ⊗ sk
αi(k) 7→
(
1 − δi,σ(i)
(
1 − 1
r
))∑r−1
p=0 σ
p(h′
i
) ⊗ sk
X(α0, k) 7→
∑r−1
p=0 −σp(ωr−p f ′θ0) ⊗ (skt)
X(−α0, k) 7→
∑r−1
p=0 −σp(ωpe′θ0) ⊗ (skt−1)
X(αi, k) 7→
(
1 − δi,σ(i)
(
1 − 1
r
))∑r−1
p=0 σ
p(e′
i
) ⊗ sk
X(−αi, k) 7→
(
1 − δi,σ(i)
(
1 − 1
r
))∑r−1
p=0 σ
p( f ′
i
) ⊗ sk
In type A2n,

6 c 7→ 0
α0(k) 7→ −h′θ0 ⊗ sk
αi(k) 7→ (1 + δi,n)∑r−1p=0 σp(h′i) ⊗ sk
X(α0, k) 7→ − f ′θ0 ⊗ (skt)
X(−α0, k) 7→ −e′θ0 ⊗ (skt−1)
X(αi, k) 7→
(
1 + δi,n(
√
2 − 1)
)∑r−1
p=0 σ
p(e′
i
) ⊗ sk
X(−αi, k) 7→
(
1 + δi,n(
√
2 − 1)
)∑r−1
p=0 σ
p( f ′
i
) ⊗ sk
The following theorem shows that t(g) is a realization of the twisted
toroidal Lie algebra T(g).
Theorem 3.3. The map π¯ is a surjective homomorphism, the kernel of
π¯ is contained in the center Z(t(g)) and (t(g), π¯) is the universal central
extension of L(g, σ).
Proof. To see that π¯ is surjective, we observe that by ([17], Theorem
8.3) L(g, σ)0 = {x ⊗ tk | k ∈ Z, x ∈ gk}  gˆ. Hence π¯|t0(g) maps onto
L(g, σ)0. Therefore, π¯ is surjective if it is a homomorphism which we
show below.
We define the map ψ : t(g)→ T(g) as follows.
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For types A2n−1,Dn+1,D4 we define ψ by:
(3.1)

6 c 7→ s−1ds
α0(k) 7→
∑r−1
p=0 σ
p(−h′
θ0
) ⊗ sk + skt−1dt
αi(k) 7→
(
1 − δi,σ(i)
(
1 − 1
r
))∑r−1
p=0 σ
p(h′
i
) ⊗ sk
X(α0, k) 7→
∑r−1
p=0 −σp(ωr− j f ′θ0) ⊗ (skt)
X(−α0, k) 7→
∑r−1
p=0 −σp(ω je′θ0) ⊗ (skt−1)
X(αi, k) 7→
(
1 − δi,σ(i)
(
1 − 1
r
))∑r−1
p=0 σ
p(e′
i
) ⊗ sk
X(−αi, k) 7→
(
1 − δi,σ(i)
(
1 − 1
r
))∑r−1
p=0 σ
p( f ′
i
) ⊗ sk
For type A2n we define ψ by:
(3.2)

6 c 7→ s−1ds
α0(k) 7→ −h′θ0 ⊗ sk + skt−1dt
αi(k) 7→
(
1 + δi,n
)∑r−1
p=0 σ
p(h′
i
) ⊗ sk
X(α0, k) 7→ − f ′θ0 ⊗ (skt−1)
X(−α0, k) 7→ −e′θ0 ⊗ (skt−1)
X(αi, k) 7→
(
1 + δi,n(
√
2 − 1)
)∑r−1
p=0 σ
p(e′
i
) ⊗ sk
X(−αi, k) 7→
(
1 + δi,n(
√
2 − 1)
)∑r−1
p=0 σ
p( f ′
i
) ⊗ sk
Note that the maps ψ and π¯ differ only on 6 c and α0(k) by elements
ofK . Hence ηψ = π¯. So π¯ is a homomorphism if ψ is so. It suffices to
show that ψ preserves the defining relations which can be shown by
direct calculations. For example, using (2.2) for types A2n−1,Dn+1,D4,[
ψ
(
α0(k)
)
, ψ
(
α j(l)
)]
=
[ r−1∑
p=0
σp(−h′
θ0
) ⊗ sk + skt−1dt,
(
1 − δ j,σ( j)
(
1 − 1
r
)) r−1∑
q=0
σq(h′j) ⊗ sl
]
=
(
1 − δ j,σ( j)
(
1 − 1
r
)) r−1∑
p,q=0
(σp(−h′
θ0
)|σq(h′j))sldsk.
By direct computation we have
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(σp(−h′
θ0
)|σq(h′
j
)) =

−δ1 j p = q, (A2n−1)
δ1 j − δ2 j p , q, (A2n−1)
−δ1 j − δnj p = q, (Dn+1)
−δ1 j + δnj p , q, (Dn+1)
−δ1 j p = q, (D4)
−δ1 j p ≡ q − 1 (mod 3), (D4)
δ1 j p ≡ q − 2 (mod 3), (D4)
.
Hence, in type A2n−1 we have[
ψ
(
α0(k)
)
, ψ
(
α j(l)
)]
=
(
1 − δ j,σ( j)
(
1 − 1
r
))
r(−δ1 j + δ1 j − δ2 j)sldsk
= −rδ2 jkδk,−lψ(6 c) = ra0 jkδk,−lψ(6 c).
In type Dn+1 we have[
ψ
(
α0(k)
)
, ψ
(
α j(l)
)]
=
(
1 − δ j,σ( j)
(
1 − 1
r
))
r(−δ1 j − δnj − δ1 j + δnj)sldsk
=
1
r
r(−rδ1 j)kδk,−lψ(6 c) = a0 jkδk,−lψ(6 c).
In type D4 we have[
ψ
(
α0(k)
)
, ψ
(
α j(l)
)]
=
(
1 − δ j,σ( j)
(
1 − 1
r
))
r(−δ1 j − δ1 j + δ1 j)sldsk
= r(−δ1 j)kδk,−lψ(6 c) = ra0 jkδk,−lψ(6 c).
For type A2n,[
ψ
(
α0(k)
)
, ψ
(
α j(l)
)]
=
[
− h′
θ0
⊗ sk + skt−1dt,
(
1 + δ j,n
) r−1∑
q=0
σq(h′j) ⊗ sl
]
=
(
1 + δ j,n
) r−1∑
q=0
(−h′
θ0
|σq(h′j))sldsk = −rδ1 jsldsk = ra0 jkδk,−lψ(6 c).
Other calculations are similar. Thus ψ is a homomorphism. Hence
π¯ is a surjective homomorphism. Indeed, by definition of the Z × Qˆ
grading of t(g) and L(g, σ) we see that π¯ is a graded homomorphism.
By Lemma 3.2, π¯(tα) , {0} if α ∈ ∆ˆre. Thus, π¯(tα) = {0} implies
that α ∈ ∆ˆim or α < ∆ˆ where ∆ˆim is the set of imaginary roots of gˆ.
Then since any imaginary root is an integer multiple of δ, we have
ker π¯ ⊂ ∑ j∈Z t jδ. As ker π¯ is an ideal of t(g) and [X(±αi, k),∑ j∈Z t jδ] ∩∑
j∈Z t
jδ = {0} for all i ∈ I˜, we have ker π¯ ⊂ Z(t(g)).
It is left to show that (t(g), π¯) is the universal central extension of
L(g, σ). Suppose (V, γ) is a central extension of L(g, σ). Since (T(g), η)
is the universal central extension of L(g, σ), we have a unique map
λ : T(g) → V such that γλ = η. Now we have a homomorphism
λψ : t(g) −→ V and γλψ = ηψ = π¯ giving the following commuting
diagram:
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T(g)
t(g)
V
L(g, σ)
λ
η
γ
ψ
π¯
Since T(g) is the universal central extension of L(g, σ), the lower
triangle commuteswhich implies that themapψ is unique andproves
that (t(g), π¯) is the universal central extension of L(g, σ).

4. Fermionic Representations
In this section we use the MRY presentation of the twisted toroidal
Lie algebra T(g) in the previous section and give a fermionic free field
realization of T(g) for g = A2n−1,Dn+1,A2n, and D4.
We consider the vector space Cn+2 with the standard basis {εi | i =
0, 1, · · · , n+ 1}. This is an orthonormal basis with respect to the inner
product ( | ) given by
(εi|ε j) = δi j.
Consider the lattice P0 = Zε1⊕Zε2⊕· · ·⊕Zεn and set c = 1√2(ε0+iεn+1)
and d = 1√
2
(ε0 − iεn+1). Then (c|c) = 0 = (d|d) and (c|d) = 1. The simple
roots of the fixed point subalgebra g0 of g can be realized as follows.
• αi = 1√2(εi−εi+1), 1 ≤ i ≤ n−1, αn =
√
2εn, for (g = A2n−1, r = 2);
• αi = εi − εi+1, 1 ≤ i ≤ n − 1, αn = εn, for (g = Dn+1, r = 2);
• αi = 1√2(εi − εi+1), 1 ≤ i ≤ n − 1, αn =
1√
2
εn, for (g = A2n, r = 2);
• α1 = 1√3(ε1 − ε2), α2 =
1√
3
(−ε1 + 2ε2 − ε3) for (g = D4, r = 3).
Recall that g = g0 ⊕ · · · ⊕ gr−1, and g1 is an irreducible g0-module
with highest weight
θ0 :=
1
r
r−1∑
j=0
σ j(θ0) =

1√
2
ε1 +
1√
2
ε2 (A2n−1);
ε1 (Dn+1);√
2ε1 (A2n);
1√
3
ε1 − 1√3ε3 (D4).
We define
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β :=

−
√
2c + ε1 (A2n−1);
−c + ε1 (Dn+1);
− 1√
2
c + ε1 (A2n);
−
√
3c + ε1 (D4).
Then set
α0 := c − θ0 =

− 1√
2
(β + ε2) (A2n−1);
−β (Dn+1);
−
√
2β (A2n);
− 1√
3
(β − ε3) (D4).
It is easy to verify that {αi|0 ≤ i ≤ n} form the set of simple roots of
the twisted affine Lie algebra gˆ with the GCM A˜ = (ai j)i, j∈I˜ and the
nondegenerate invariant bilinear form given by
(4.1) (αi|α j) = diai j, for all i, j ∈ I˜,
where
(d0, d1, · · · , dn) =

(1
2
, 1
2
, · · · , 1
2
, 1) (A2n−1);
(1
2
, 1, · · · , 1, 1
2
) (Dn+1);
(1, 1
2
, · · · , 1
2
, 1
4
) (A2n);
(1
3
, 1
3
, 1) (D4).
Furthermore, we observe that (c|αi) = 0 = (d|αi), i ∈ I˜ and c (resp. d)
corresponds to the null root δ (resp. dual gradation operator) for gˆ.
Now we consider the lattice
P = P0 ⊕ P¯0 ⊕Zc
where P¯0 = ⊕ni=1Zεi¯ and (εi¯|ε j¯) = δi j, (c|εi¯) = (εi|ε j¯) = 0. Let PC = C ⊗ P
be theC-vector space spanned by {c, εi, εi¯ | 1 ≤ i ≤ n}. Then we define
the vector space C = PC ⊕ P∗C, where both subspaces PC and P∗C are
maximal isotropic subspaces with the symmetric bilinear form on C
given by
(4.2) < b∗, a >=< a, b∗ >= (a|b), < a, b >=< a∗, b∗ >= 0,
for all a, b ∈ PC. Thus we have a maximal polarization of C.
We consider the Clifford algebra Cl(P) generated by the central
element 1 and elements a(k), a∗(k) where a ∈ PC, k ∈ Z+ 1/2 subject to
the relations:
{a(k), b(l)} = {a∗(k), b∗(l)} = 0, {a(k), b∗(l)} = (a|b)δk,−l1
where a, b ∈ PC.
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We consider the representation space to be the infinite dimensional
vector space
V :=
⊗
a

⊗
k∈Z++1/2
C[a(−k)]
⊗
k∈Z++1/2
C[a∗(−k)]

where the a ∈ {c, εi, εi¯ | 1 ≤ i ≤ n}. The Clifford algebra acts on V
by the following action: for k ∈ Z+ + 1/2, a(−k) acts as a creation
operator, a(k) acts as an annihilation operator and 1 as the identity.
For any two fermionic fields
a(z) =
∑
m∈Z+1/2
a(m)z−m−1/2 and b(w) =
∑
n∈Z+1/2
b(n)w−n−1/2
we define the normal ordering : a(z)b(w) : by their components:
:a(m)b(n) :=
{
a(m)b(n), if m < 0;
−b(n)a(m), if m > 0.
Hence the normal ordering satisfies the relation
: a(z)b(w) := − : b(w)a(z) :,
which implies : a(z)a(z) := 0. Hence : c(z)εi(w) := 0 =: c(z)εi¯(w) : since
c is central. The normal product of k fields is defined inductively by:
: a1(z1)a2(z2) · · · ak(zk) :=: a1(z1)(: a2(z2) · · · ak(zk) :) : .
We define the contraction of two states by
a(z)b(w)︸   ︷︷   ︸ = a(z)b(w)− : a(z)b(w) :,
which contains all poles for a(z)b(w). In particular we have the fol-
lowing (see [15], Proposition 3.1)
a(z)b(w)︸   ︷︷   ︸ = a∗(z)b∗(w)︸     ︷︷     ︸ = 0,
a(z)b∗(w)︸    ︷︷    ︸ = a∗(z)b(w)︸    ︷︷    ︸ =
(a, b)
z −w .
Hence the fermionic fields satisfy the following anticommutation
relations (see [15], Proposition 3.2):
{a(z), b(w)} = {a∗(z), b∗(w)} = 0,
{a(z), b∗(w)} = (a, b)δ(z − w).
We use the following result to calculate the bracket among normal
order products which can be obtained by Wick’s theorem (see [18],
Theorem 3.3).
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Proposition 4.1. ([15], Proposition 3.3) For a1, b1, a2, b2 ∈ C and formal
variables z,w, we have
[:a1(z)b1(z) :, :a2(w)b2(w) :]
= 〈a1, b2〉 :b1(w)a2(w) : δ(z − w) − 〈a1, a2〉 :b1(w)b2(w) : δ(z − w)
+〈b1, a2〉 :a1(w)b2(w) : δ(z − w) − 〈b1, b2〉 :a1(w)a2(w) : δ(z −w)
+(〈a1, b2〉〈b1, a2〉 − 〈a1, a2〉〈b1, b2〉)∂wδ(z − w).
For g = Dn+1 (resp. g = A2n) we define two ghost fields
e(z) =
∑
k∈Z+1/2
e(k)z−k−
1
2 and e(z) =
∑
k∈Z+1/2
e(k)z−k−
1
2
which have the only nonzero symmetric bilinear products 〈e, e〉 = 1 =
〈e, e〉 (resp. 〈e, e〉 = 1 = 〈e, e〉).
In the following theorem, using the MRY presentation in Theo-
rem 3.3 we give a level (1, 0) fermionic representation of the twisted
toroidal algebra t(g), (g = A2n−1,Dn+1,A2n,D4) on V.
Theorem 4.1. Under the followingmapwe have a level (1, 0) representation
of the twisted toroidal Lie algebra t(g) on V:
X(α0, z) =

: ε2(z)β
∗(z) : + : ε∗2(z)ε1(z) : (A2n−1),√
2 : e(z)β∗(z) : (Dn+1),
: ε1(z)β
∗(z) : (A2n),
: ε1(z)β
∗(z) : +ω : ε∗
1
(z)ε∗
1
(z) : +ω2 : ε∗
2
(z)ε∗2(z) : (D4),
X(−α0, z) =

: β(z)ε∗
2
(z) : + : ε∗
1
(z)ε2(z) : (A2n−1),√
2 : β(z)e(z) : (Dn+1),
: β(z)ε∗
1
(z) : (A2n),
: β(z)ε∗
1
(z) : +ω2 : ε1(z)ε1(z) : +ω : ε2(z)ε2(z) : (D4),
X(αi, z) =

: εi(z)ε
∗
i+1
(z) : + : ε∗
i
(z)εi+1(z) : (A2n−1),
: εi(z)ε∗i+1(z) : (Dn+1),
: εi(z)ε∗i+1(z) : + : ε
∗
i
(z)εi+1(z) : (A2n),
: ε1(z)ε∗2(z) : + : ε2(z)ε
∗
1
(z) : + : ε2(z)ε1(z) : (D4, i = 1),
X(−αi, z) =

: εi+1(z)ε∗i (z) : + : ε
∗
i+1
(z)εi(z) : (A2n−1),
: εi+1(z)ε∗i (z) : (Dn+1),
: εi+1(z)ε∗i (z) : + : ε
∗
i+1
(z)εi(z) : (A2n),
: ε2(z)ε
∗
1
(z) : + : ε1(z)ε
∗
2
(z) : + : ε∗
1
(z)ε∗
2
(z) : (D4, i = 1),
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for 1 ≤ i ≤ n − 1.
X(αn, z) =

: εn(z)ε∗n(z) (A2n−1),√
2 : εn(z)e(z) : (Dn+1),√
2(: εn(z)e(z) : + : ε
∗
n
(z)e(z) :) (A2n),
: ε2(z)ε∗
2
(z) : (D4, n = 2),
X(−αn, z) =

: εn(z)ε
∗
n(z) : (A2n−1),√
2 : e(z)ε∗n(z) : (Dn+1),√
2(: e(z)ε∗n(z) : + : e(z)εn(z) :) (A2n),
: ε2(z)ε
∗
2(z) : (D4, n = 2).
The fields for the simple roots are represented by:
α0(z) =

: β∗(z)β(z) : + : ε∗2(z)ε2(z) : + : ε1(z)ε
∗
1
(z) : + : ε2(z)ε
∗
2
(z) : (A2n−1),
2 : β∗(z)β(z) : (Dn+1),
: ε1(z)ε
∗
1
(z) : + : β∗(z)β(z) : (A2n),
: ε∗
1
(z)ε1(z) : + : β
∗(z)β(z) : + : ε∗2(z)ε2(z) : + : ε
∗
2
(z)ε2(z) : (D4),
αi(z) =

: εi(z)ε
∗
i
(z) : + : ε∗
i+1
(z)εi+1(z) : + : ε
∗
i
(z)εi(z) : + : εi+1(z)ε
∗
i+1
(z) : (A2n−1),
: εi(z)ε∗i (z) : + : ε
∗
i+1
(z)εi+1(z) : (Dn+1),
: εi(z)ε∗i (z) : + :ε
∗
i+1
(z)εi+1(z) : + : εi+1(z)ε
∗
i+1
(z) : + : ε∗
i
(z)εi(z) : (A2n),
: ε1(z)ε∗1(z) : + : ε
∗
2(z)ε2(z) : +2 : ε2(z)ε
∗
2
(z) : (D4, i = 1),
for 1 ≤ i ≤ n − 1 and
αn(z) =

: εn(z)ε∗n(z) : + : ε
∗
n
(z)εn(z) : (A2n−1),
2 : εn(z)ε∗n(z) : (Dn+1),
2(: εn(z)ε∗n(z) : + : ε
∗
n
(z)εn(z) :) (A2n),
: ε2(z)ε∗2(z) : + : ε
∗
2
(z)ε2(z) : (D4, n = 2).
Proof. It is sufficient to show that the relations (1) − (12) of the MRY
presentation of t(g) in Section 3 hold. In order to calculate the cor-
responding brackets we use Proposition 4.1 repeatedly. Since most
of these calculations are similar we only verify relations: (6), i = 0 =
j, i = n − 1, j = n, and (8), i = 0 = j, i = n = j. The remaining
relations can be checked similarly.
FERMIONIC REALIZATION OF TWISTED TOROIDAL LIE ALGEBRAS 17
First we consider the case when g = A2n−1. In this case using
Proposition 4.1 we get:
[α0(z),X(α0,w)] =[: β
∗(z)β(z) : + : ε∗2(z)ε2(z) : + : ε1(z)ε
∗
1
(z) :
+ : ε2(z)ε
∗
2
(z) :, : ε2(w)β
∗(w) : + : ε∗2(w)ε1(w) :]
= − : β∗(w)ε2(w) : δ(z − w)+ : ε∗2(w)ε1(w) : δ(z − w)
− : ε1(w)ε∗2(w) : δ(z − w)+ : ε2(w)β∗(w) : δ(z − w)
= 2(: ε2(w)β
∗(w) : + : ε∗2(w)ε1(w) :)δ(z − w)
= 2X(α0,w)δ(z − w).
[α0(z),X(−α0,w)] =[: β∗(z)β(z) : + : ε∗2(z)ε2(z) : + : ε1(z)ε∗1(z) :
+ : ε2(z)ε
∗
2
(z) :, : β(w)ε∗
2
(w) : + : ε∗
1
(w)ε2(w) :]
= − : β(w)ε∗
2
(w) : δ(z − w)+ : ε2(w)ε∗
1
(w) : δ(z − w)
− : ε∗
1
(w)ε2(w) : δ(z −w)+ : ε∗2(w)β(w) : δ(z − w)
= −2(: β(w)ε∗
2
(w) : + : ε∗
1
(w)ε2(w) :)δ(z − w)
= −2X(−α0,w)δ(z − w).
[αn−1(z),X(αn,w)] =[: εn−1(z)ε∗n−1(z) : + : ε
∗
n(z)εn(z) :
+ : ε∗
n−1(z)εn−1(z) : + : εn(z)ε
∗
n
(z) :, : εn(w)ε
∗
n
(w) :]
= − : εn(w)ε∗n(w) : δ(z − w)+ : ε∗n(w)εn(w) : δ(z − w)
= −2X(αn,w)δ(z −w) = an−1,nX(αn,w)δ(z − w).
[αn−1(z),X(−αn,w)] =[: εn−1(z)ε∗n−1(z) : + : ε∗n(z)εn(z) :
+ : ε∗
n−1(z)εn−1(z) : + : εn(z)ε
∗
n
(z) :, : εn(w)ε
∗
n(w) :]
= − : ε∗n(w)εn(w) : δ(z − w)+ : εn(w)ε∗n(w) : δ(z − w)
= 2X(−αn,w)δ(z − w) = −an−1,nX(αn,w)δ(z −w).
[X(α0, z),X(−α0,w)] =[: ε2(z)β∗(z) : + : ε∗2(z)ε1(z) :,
: β(w)ε∗
2
(w) : + : ε∗
1
(w)ε2(w) :]
: ε2(w)ε
∗
2
(w) : δ(z − w)+ : β∗(w)β(w) : δ(z − w)
+ ∂wδ(z −w)+ : ε1(w)ε∗1(w) : δ(z −w)
+ : ε∗2(w)ε2(w) : δ(z − w) + ∂wδ(z −w)
= α0(w)δ(z − w) + 2∂wδ(z − w)
= α0(w)δ(z − w) + r∂wδ(z − w) 6 c,
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since r = 2 here and 6 c acts as 1.
[X(αn, z),X(−αn,w)] =[: εn(z)ε∗n(z) :, : εn(w)ε∗n(w) :]
=: εn(w)ε
∗
n(w) : δ(z − w)+ : ε∗n(w)εn(w) : δ(z − w)
+ ∂wδ(z − w)
= αn(w)δ(z − w) + ∂wδ(z −w) 6 c.
Next we consider the case when g = Dn+1. In this case using Propo-
sition 4.1 we get:
[α0(z),X(α0,w)] =[2 : β
∗(z)β(z) :,
√
2 : e(w)β∗(w) :]
= 2
√
2 : e(w)β∗(w) : δ(z − w)
= 2X(α0,w)δ(z − w).
[α0(z),X(−α0,w)] =[2 : β∗(z)β(z) :,
√
2 : β(w)e(w) :]
= −2
√
2 : β(w)e(w) : δ(z − w)
= −2X(−α0,w)δ(z − w).
[αn−1(z),X(αn,w)] =[: εn−1(z)ε∗n−1(z) : + : ε
∗
n(z)εn(z) :,
√
2 : εn(w)e(w) :]
= −
√
2 : εn(w)e(w) : δ(z − w)
= an−1,nX(αn,w)δ(z − w).
[αn−1(z),X(−αn,w)] =[: εn−1(z)ε∗n−1(z) : + : ε∗n(z)εn(z) :,
√
2 : e(w)ε∗n(w) :]
=
√
2 : e(w)ε∗n(w) : δ(z − w)
= −an−1,nX(−αn,w)δ(z − w).
[X(α0, z),X(−α0,w)] =[
√
2 : e(z)β∗(z) :,
√
2 : β(w)e(w) :]
= 2 : β∗(w)β(w) : δ(z −w) + 2∂wδ(z − w)
= α0(w)δ(z − w) + 2∂wδ(z − w)
= α0(w)δ(z − w) + r∂wδ(z − w) 6 c,
since r = 2 here and 6 c acts as 1.
[X(αn, z),X(−αn,w)] =[
√
2 : εn(z)e(z) :,
√
2 : e(w)ε∗n(w) :]
= 2 : εn(w)ε
∗
n(w) : δ(z −w) + 2∂wδ(z − w)
= αn(w)δ(z −w) + 2∂wδ(z − w) 6 c.
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Nextwe consider the casewhen g = A2n. As before using Proposition
4.1 we have:
[α0(z),X(α0,w)] =[: ε1(z)ε
∗
1
(z) : + : β∗(z)β(z) :, : ε1(w)β
∗(w) :]
=: ε1(w)β
∗(w) : δ(z −w)− : β∗(w)ε1(w) : δ(z − w)
= 2X(α0,w)δ(z −w).
[α0(z),X(−α0,w)] =[: ε1(z)ε∗1(z) : + : β
∗(z)β(z) :, : β(w)ε∗
1
(w) :]
=: ε∗
1
(w)β(w) : δ(z − w)− : β(w)ε∗
1
(w) : δ(z − w)
= −2X(−α0,w)δ(z − w).
[αn−1(z),X(αn,w)] =[: εn−1(z)ε∗n−1(z) : + : ε
∗
n(z)εn(z) : + : εn(z)ε
∗
n
(z) :
+ : ε∗
n−1(z)εn−1(z) :,
√
2(: εn(w)e(w) : + : ε
∗
n
(w)e(w) :]
=
√
2(− : εn(w)e(w) : − : ε∗n(w)e(w) :)δ(z − w)
= an−1,nX(αn,w)δ(z −w).
[αn−1(z),X(−αn,w)] =[: εn−1(z)ε∗n−1(z) : + : ε∗n(z)εn(z) : + : εn(z)ε∗n(z) :
+ : ε∗
n−1(z)εn−1(z) :,
√
2(: e(w)ε∗n(w) : + : e(w)εn(w) :]
=
√
2(− : ε∗n(w)e(w) : − : εn(w)e(w) :)δ(z − w)
= −an−1,nX(−αn,w)δ(z −w).
[X(α0, z),X(−α0,w)] =[: ε1(z)β∗(z) :, : β(w)ε∗1(w) :]
=: β∗(w)β(w) : δ(z − w)+ : ε1(w)ε∗1(w) : δ(z −w)
+ ∂wδ(z − w)
= α0(w)δ(z − w) + ∂wδ(z − w) 6 c.
[X(αn, z),X(−αn,w)] =[
√
2(: εn(z)e(z) : + : ε
∗
n
(z)e(z) :,
√
2(: e(w)ε∗n(w) : + : e(w)εn(w) :]
= 2(: εn(w)ε
∗
n(w) : + : e(w)e(w) : + : e(w)e(w) :
+ : ε∗
n
(w)εn(w) :)δ(z − w) + 4∂wδ(z − w)
= αn(w)δ(z − w) + r2∂wδ(z − w) 6 c,
since : e(w)e(w) : + : e(w)e(w) := 0 and r = 2.
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Finally we consider the case when g = D4. Note that in this case
r = 3 and n = 2. As before using Proposition 4.1 we have:
[α0(z),X(α0,w)] =[: ε
∗
1(z)ε1(z) : + : β
∗(z)β(z) : + : ε∗2(z)ε2(z) :
+ : ε∗
2
(z)ε2(z) :, : ε1(w)β
∗(w) :
+ ω : ε∗
1
(w)ε∗1(w) : +ω
2 : ε∗
2
(w)ε∗2(w) :]
= (: ε1(w)ε
∗
1(w) : +ω : ε
∗
1
(w)ε∗1(w) : + : ε1(w)β
∗(w) :
+ ω : ε∗
1
(w)β∗(w) : +2ω2 : ε∗
2
(w)ε∗2(w) :)δ(z −w)
= 2(: ε1(w)β
∗(w) : ω : ε∗
1
(w)ε∗1(w) :
+ ω2 : ε∗
2
(z)ε∗2(w) :)δ(z − w) = 2X(α0,w)δ(z − w),
since : ε1(w)ε
∗
1
(w) :=: ε1(w)β
∗(w) : and : ε∗
1
(w)β∗(w) :=: ε∗
1
(w)ε∗
1
(w) :.
[α0(z),X(−α0,w)] =[: ε∗1(z)ε1(z) : + : β∗(z)β(z) : + : ε∗2(z)ε2(z) :
+ : ε∗
2
(z)ε2(z) :, : β(w)ε
∗
1
(w) :
+ ω2 : ε1(w)ε1(w) : +ω : ε2(w)ε2(w) :]
= −2(: β(w)ε∗
1
(w) : +ω2 : ε1(w)ε1(w) :
+ ω : ε2(w)ε2(z) :)δ(z − w) = −2X(−α0,w)δ(z − w).
[α1(z),X(α2,w)] =[: ε1(z)ε
∗
1(z) : + : ε
∗
2(z)ε2(z) + 2 : ε2(z)ε
∗
2
(z) :,
: ε2(w)ε
∗
2
(w) :]
= (− : ε2(w)ε∗2(w) : +2 : ε
∗
2
(w)ε2(w) :)δ(z −w)
= −3 : ε2(w)ε∗2(w) : δ(z − w) = a1,2X(α2,w)δ(z − w).
[α1(z),X(−α2,w)] =[: ε1(z)ε∗1(z) : + : ε∗2(z)ε2(z) + 2 : ε2(z)ε∗2(z) :,
: ε2(w)ε
∗
2(w) :]
= (− : ε∗2(w)ε2(w) : +2 : ε2(w)ε∗2(w) :)δ(z −w)
= 3 : ε2(w)ε
∗
2(w) : δ(z − w) = −a1,2X(−α2,w)δ(z − w).
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[X(α0, z),X(−α0,w)] =[: ε1(z)β∗(z) : +ω : ε∗1(z)ε
∗
1(z) : +ω
2 : ε∗
2
(z)ε∗2(z) :,
: β(w)ε∗
1
(w) : +ω2 : ε1(w)ε1(w) : +ω : ε2(w)ε2(w) :]
= (: β∗(w)β(w) : + : ε1(w)ε
∗
1
(w) : + : ε∗
1
(w)ε1(w)
+ : ε∗1(w)ε1(w) : + : ε
∗
2(w)ε2(w) : +
: ε∗
2
(w)ε2(w) :)δ(z − w) + 3∂wδ(z − w)
= (: β∗(w)β(w) : + : ε∗1(w)ε1(w) : + : ε
∗
2(w)ε2(w) :
+ : ε∗
2
(w)ε2(w) :)δ(z − w) + 3∂wδ(z − w)
= α0(w)δ(z − w) + 3∂wδ(z − w) 6 c.
[X(α2, z),X(−α2,w)] =[: ε2(z)ε∗2(z) :, : ε2(w)ε
∗
2(w) :]
= (: ε2(w)ε
∗
2(w) : + : ε
∗
2
(w)ε∗
2
(w) :)δ(z − w)
+ ∂wδ(z − w)
= α2(w)δ(z −w) + ∂wδ(z − w) 6 c.

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